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Abstract 
The microscopic physics behind low lattice thermal conductivity of single crystal 
rocksalt lead telluride (PbTe) is investigated. Mode-dependent phonon (normal and 
umklapp) scattering rates and their impact on thermal conductivity were quantified by 
the first-principles-based anharmonic lattice dynamics calculations that accurately 
reproduce thermal conductivity in a wide temperature range. The low thermal 
conductivity of PbTe is attributed to the scattering of longitudinal acoustic phonons by 
transverse optical phonons with large anharmonicity, and small group velocity of the 
soft transverse acoustic phonons. This results in enhancing the relative contribution of 
optical phonons, which are usually minor heat carrier in bulk materials. 
PACS number: 63.20.dh, 63.20.kg, 44.10.+i, 84.60.Rb 
  
I. INTRODUCTION 
The energy conversion efficiency of semiconducting thermoelectric materials is 
characterized by the dimensionless figure of merit ZT=S2σelT/(κel+κlat), where S, σel, κel, 
κlat, and T are the Seebeck coefficient, electrical conductivity, electron thermal 
conductivity, lattice thermal conductivity, and temperature, respectively1. Strategies to 
suppress κlat without critically deteriorating the other properties have been shown to be 
effective to enhance ZT. This includes alloying species with mass mismatch to enhance 
mass-difference phonon scattering2, filling with rattling ions to scatter phonons in cage 
compounds3, 4, or embedding layered structures to reduce the  phonon group velocity 
and/or enhance intrinsic phonon scattering5. These approaches are complementary to 
recently-developed nanostructuring techniques6, 7, to improve the starting-material 
properties. While these intuitive approaches rely on the inhomogeneity or complexity of 
crystals, there are bulk materials with simple structures that show low thermal 
conductivity. The rocksalt lead telluride (PbTe) is a prime example among 
thermoelectric materials that has been long known to exhibit low thermal conductivity 
(~2 Wm-1K-1 at 300 K) despite its high symmetry and coordination.  
PbTe is one of the most promising thermoelectric materials for applications in the 
intermediate temperature range (400-800 K) due to its low κlat, as well as high S and σel 
when appropriately doped8-10. The counter-intuitively low thermal conductivity of PbTe 
has been discussed based on phonon dispersion relations either calculated from 
first-principles11, 12 or measured by inelastic neutron scattering (INS)13. The first 
principles calculations have shown that the energy of the transverse optical (TO) 
phonons near the zone center (Γ point) is highly sensitive to changes in volume11, 12, and 
this led researchers to conjecture a strong coupling between TO and longitudinal 
acoustic (LA) phonons since they are compressive waves. More recently, INS 
measurements13 have probed aspects, such as the “avoided-crossing” of LA and TO 
branches and the complex peak broadening in INS intensity of TO modes near Γ point, 
which, through momentum and energy conservation arguments and mode coupling 
theory, are suggested to be due to strongly anharmonic LA-TO coupling.  
While the idea of strong LA-TO scattering may be plausible, the arguments so far 
remain phenomenological without quantitative knowledge of the actual scattering rates 
of the processes. In addition, it is not clear, how strong the LA-TO scattering is 
compared with other scattering processes and how much it influences the overall 
thermal conductivity. In this paper, we answer these questions by calculating the 
scattering rates of all the three-phonon processes occurring in PbTe using the framework 
of first-principles-based anharmonic lattice dynamics (ALD), which has been applied 
successfully to simple monoatomic crystals14-16 and relatively complex compounds17. 
 
II. METHODOLOGY 
To examine the anharmonic phonon dynamics, it is important to obtain accurate 
anharmonic interatomic force constants (IFCs), which are here defined as the Taylor 
expansion coefficients of the force, with respect to atomic displacements from 
equilibrium configurations, 
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where αβijΦ  and αβγijkΨ  are harmonic and cubic anharmonic IFCs, respectively. The 
indices i, j, and k are the atom indices, and α, β, and γ denote the Cartesian components. 
In this study, the IFCs of a rock-salt PbTe were computed following the real-space 
displacement method18, with the Hellman-Feynman forces calculated by density 
functional theory (DFT) in a 222 conventional supercell with 64 atoms. 
In the real-space displacement method, sets of force-displacement data are 
obtained by systematically displacing one or two atoms at a time about their equilibrium 
position along Cartesian coordinates. Here, the atoms were displaced by ± 0.01 Å and ± 
0.02 Å. Then Eq. (1) can be fitted to the force-displacement data, together with the 
symmetry properties, translational/rotational invariance conditions, by using a singular 
value decomposition algorithm to obtain harmonic and cubic IFCs18. The ranges of IFCs 
(number of neighboring shells that interact with a given atom) were chosen to be 
respectively six and one for harmonic and cubic IFCs, to minimize the fitting residual, 
while keeping the computation affordable. While the method could in principle work 
with any number of force-displacement data due to its fitting nature, in the current work, 
displacements were performed for all the irreducible degrees of freedom by taking the 
symmetry into account. 
We have used the Quantum Espresso package19 for the DFT calculations. The norm 
conserving pseudo potential was designed to incorporate relativistic effects. We find that 
incorporation of the spin-orbit coupling is important to assure the level of accuracy in 
the calculated thermal conductivity presented later. A 555 Monkhorst-Pack k-point 
mesh20 was used to sample electronic states in the first Brillouin zone, and an energy 
cutoff of 50 Ryd (~650 eV) was used for the plane-wave expansion. The lattice constant 
was set to 6.548 Å, which was found to minimize the ground state total energy. The 
PBE functional was used to describe the exchange-correlation effects. 
Using the harmonic IFCs, the phonon dispersion relations can be readily calculated 
through the dynamical matrices21. Note that, since PbTe is a polar crystal, the effect of 
ionic charges needs to be considered. This was modeled, for simplicity, by adding the 
non-analytical term22 to the dynamical matrix with the Born effective charges and 
dielectric constant 87.5Pb Z , 87.5Te Z , and 48.38ε , which were calculated 
through macroscopic electric polarization using the density functional perturbation 
theory23. 
 
III. RESULTS AND DISCUSSION 
The phonon dispersion relations of PbTe are shown in Fig. 1(a). The calculations 
reproduce the overall features of the phonon dispersion relations obtained by the INS 
experiments24 with particularly good agreement for the acoustic phonons, which are 
important as they are the main heat carriers. One noticeable feature is that the acoustic 
branches, particularly the TA branches, are very soft. For instance, the group velocity of 
the long wave TA modes along the [100] direction is 1185 m/s, comparable to the group 
velocity of van der Waals systems, such as solid argon25. Such slow propagation speed 
of active carriers is expected to limit the contribution of TA phonons to the overall 
thermal conductivity. 
It can be noticed that the discrepancy between the calculated and experimental 
dispersion relations is larger for optical phonons, particularly for the LO branch, which 
splits from the TO branch at the  point due to the ionic charge effect. The discrepancy 
at the  point is due to the difference in the Born effective charges and dielectric 
constants, which in this work were calculated for ground states, and the discrepancy in 
the line shapes of the phonon dispersion relations away from  is due to the excess 
simplification of the non-analytical term22. Therefore, the sensitivity of the results to the 
discrepancy was checked by tuning the Born effective charges and dielectric constants 
to match the LO frequency at  with that of the experiment, and the changes in the 
calculated acoustic phonon scattering rates and κlat were confirmed be less than 1%. 
The cubic IFCs enable us to compute the mode Grüneisen parameters, which is a 
useful measure of the anharmonicity of the crystal. As shown in Fig. 1(b), the mode 
Grüneisen parameters of TO phonons exhibit a diverging trend upon approaching the  
point. This has been discussed to cause significant softening of near- TO modes11, 12. 
The result indicates that dynamics of TO phonons near  point is extremely anharmonic, 
which is expected to enhance their scattering rates with the acoustic phonons and thus 
affect the thermal conductivity. 
With the eigenstates and cubic Hamiltonian, the self-energy Σqs of phonons can be 
calculated by anharmonic lattice dynamics (ALD) approach26, where q and s denote the 
wavevector and phonon branch, respectively. Here, we only take into account the three 
phonon (normal and umklapp) scattering processes, which are the dominant source of 
intrinsic thermal resistance21. The calculation is based on Fermi’s golden rule of the 
phonon scattering processes that satisfy the energy and momentum conservation, with 
phonon generation and annihilation operators derived using the cubic IFCs. The 
calculations were done for NqNqNq uniform reciprocal meshes. The imaginary part of 
the self-energy gives the phonon scattering rate wqs, which is inversely proportional to 
the phonon relaxation time, τqs (wqs=2Im(Σqs)=1/τqs). It was confirmed that the 
calculated phonon scattering rates were well converged with Nq=20. 
Figure 2(a) shows the frequency dependence of phonon relaxation time at 300 K 
calculated by ALD with Nq=20. The phonon relaxation times of acoustic branches 
exhibit inverse quadratic dependence on frequency (-2, where  is frequency) in the 
low frequency region, in agreement with Klemens’ prediction27. In this low frequency 
region, where the active heat carriers reside, the phonon relaxation times of TA phonons 
are longer than those of LA phonons. We can further separate the scattering rates into 
those of normal and umklapp processes as shown in Figs. 2(b) and 2(c). The results 
clearly identify the scalings for normal process, normal-2, and umklapp process, 
umklapp-3 which have been derived by Esfarjani et al.16 as leading order relations in 
the low frequency limit. The results show that the scattering rate of normal processes is 
larger in the low frequency region, and this, through the Matthiessen’s rule21, gives rise 
to the inverse quadratic frequency-dependence of the overall phonon relaxation time. 
Let us now look into the wavenumber dependence of the scattering rate wqs along a 
representative (-X) symmetry line. Figures 3(a) and 3(b) show wqs of acoustic and 
optical phonons, respectively, at 300 K calculated with Nq=20. The results show that wqs 
of LA phonon is significantly larger than that of TA phonon for a given wavenumber 
along -X, which is consistent with the overall feature of phonon relaxation time shown 
in Fig. 2. The scattering rates of the LA phonons along -X are now compared with 
those extracted from the INS experiment13. In the experiment, wqs is obtained by fitting 
the line shape with a Gaussian function and extracting the linewidth, corrected for the 
instrument q-(wavevector) and E-resolution (energy), as well as the slope of the 
dispersion. The full-width half maximum value then corresponds to the scattering rate. 
As shown in Fig. 3(a), the results of the calculations and experiments exhibit reasonable 
agreement, particularly for the intermediate wavenumbers. The calculation gives 
smaller wqs than the experiments for smaller wavenumbers presumably due to the 
absence of the avoided-crossing in the calculations. The results of optical phonon 
scattering rates also show high polarization dependence as shown in Fig. 3(b). A 
noticeable feature is that wqs of TO phonon increases as q approaches the Γ point, which 
is consistent with the above mentioned divergence of mode-Grüneisen parameter.  
Using the obtained phonon relaxation times, κlat was calculated based on the 
relaxation time approximation of the phonon gas26, 
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where cqs, vg,qs, and Λqs are the specific heat, group velocity vector, and mean free path 
(MFP) of phonon qs, respectively. Since the calculation was done for discretized mesh 
points, one needs to account for the size effect due to the missing contribution of long 
wavelength acoustic phonons16, 17. For this, as shown in Fig. 4(a), qNlatκ  was calculated 
for several values of Nq, and κlat (bulk lattice thermal conductivity) was obtained by 
extrapolating the data using the scaling of the size effect, 1 qq Nκ Nlat 16, 17. From the 
extrapolation, it can also be noted that the discrete-mesh calculation with Nq=20 
recovers nearly all the phonons that contribute to κlat. As a result, the temperature 
dependence of the extrapolated κlat is in excellent agreement with the two experimental 
results28, 29 in a wide temperature range (100-900 K). The quantitative agreement 
ensures the accuracy of the current first-principles-based ALD methodology. The 
agreement in the high temperature region assures the validity of the approximation to 
incorporate IFCs up to the cubic terms in Eq. (1). 
Having the microscopic information of phonon transport, we are able to break down 
the thermal conductivity into contributions from different phonon branches. This was 
done in terms of cumulative thermal conductivity, κc, which is defined as a summation 
of thermal conductivity up to MFP of Λ030, 
 0 ss0c Λ)(31)(
s
s
s υωcκ
q
q
qqq .   (3) 
Figure 4(b) shows the κc at 300 K calculated by ALD with Nq=20. The range of LA 
phonon MFPs with noticeable contribution to κlat is limited (up to about 10 nm), even 
similar to those of optical modes. This is much smaller than that of TA phonons 
(exceeding 100 nm), reflecting the difference in the scattering rates observed in Figs. 2 
and 3(a). On the other hand, since the group velocity of long-wave TA phonons are 
much smaller than that of LA phonons, the average thermal conductivity contribution 
per branch ends up being similar for LA and TA modes. 
To understand the cause of this unusually large LA phonon scattering, we have 
identified the phonon modes that are involved in the scattering of LA phonons at 
representative wavenumbers (q=0.1 0.2, and 0.5 normalized by the wavenumber at X 
point) along -X line. The results are summarized in Table 1 in terms of the partial sum 
of scattering rates, calculated for scattering processes (1) with only acoustic phonons, 
(2) involving at least one TO phonon, and (3) involving at least one LO phonon. The 
fraction with respect to wqLA is also denoted in parentheses. The results show that the 
major contribution to wqLA comes from the scattering processes involving TO phonons, 
particularly for small q. 
 
IV. CONCLUSIONS 
We have performed first-principles-based ALD calculations to investigate phonon 
transport in rocksalt PbTe. The real-space displacement approach gives us inexpensive 
access to accurate harmonic and cubic IFCs. Mode-dependent phonon relaxation times 
were quantified in the entire first Brillouin-zone, and the inverse quadratic frequency 
dependence was identified to originate from the normal process. The calculated 
wavevector-dependent scattering rates show reasonable agreement with those measured 
by the INS measurements. As a result, the lattice thermal conductivity computed under 
the relaxation time approximation shows excellent agreement with the experimental 
results. Finally, by quantifying the mode dependent thermal conductivity and the 
scattering processes, the low thermal conductivity was attributed equally to the strongly 
anharmonic LA-TO scattering, and the small group velocity of the soft TA phonons. 
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 FIG. 1. (Color Online) (a) Phonon dispersion relations of PbTe along -X-K--L 
symmetry lines. Red and blue filled circles indicate transverse and longitudinal modes, 
respectively, from inelastic neutron scattering (INS) experiments at 300 K24. (b) The 
mode-Grüneisen parameters.  
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FIG. 2. (Color Online) (a) Frequency-dependent phonon relaxation times of PbTe at 
300 K by anharmonic lattice dynamics (ALD) calculations with Nq=20. 
Frequency-dependent phonon relaxation times of (b) normal and (c) umklapp processes, 
respectively. The solid lines denote (a) 212106   , (b) 212100.8   , and (c)
324100.8   . 
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FIG. 3. (Color Online) The scattering rate wqs of (a) acoustic and (b) optical phonons 
along -X line at 300 K calculated by ALD with Nq=20. The inset figure in (a) shows 
wqs of LA phonons at 300 K from INS experiments13. The wavenumber q is normalized 
by the wavenumber of X point. 
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 FIG. 4. (Color Online) (a) Comparison between the temperature-dependent bulk 
thermal conductivity κlat of PbTe obtained by the ALD calculations (square) and the 
experiments (circles28 and dashed line29). The inset figure shows the extrapolation of 
qNκlat performed to obtain the bulk thermal conductivity κlat at different temperatures. (b) 
Cumulative thermal conductivity κc as a function of mean free path (MFP) at 300 K 
calculated by ALD with Nq=20. TAave denotes the averaged values of the two TA 
branches. 
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Partial scattering rates of LA phonon along Γ-X (THz) 
Scattering processes q=0.1 q=0.2 q=0.5 
(1) Only Acoustic 0.025 (29.6 %) 0.045 (19.8 %) 0.087 (28.9 %)
(2) TO involved 0.053 (61.5 %) 0.144 (63.4 %) 0.122 (40.3 %)
(3) LO involved 0.014 (16.2 %) 0.056 (24.8 %) 0.127 (42.1 %)
Table 1. The impact of various scattering processes on wqLA, for q =0.1, 0.2, and 0.5 at 
300 K. Partial scattering rates (THz) were calculated for (1) scattering with only 
acoustic phonons (2) scattering involving at least one TO phonon, and (3) scattering 
involving at least one LO phonon. The fractions in the parentheses are normalized by 
wqLA and thus the overall sum exceeds 100 % since the categories are not mutually 
exclusive, but remains below ~110 %.  
 
